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Abstract 

We present a new range of solutions of Maxwell's equations in vacuum in which the topology of 
the field lines is that of the whole torus knots set. Knotted electromagnetic fields are solutions of 
the Maxwell equations in vacuum in which magnetic lines, and also electric lines, have some kind 
of linkage. These solutions may play an important role in fundamental physics problems but also 
have practical interest and applications. 

PACS numbers: 03.50.De, 02.40.Pc 



1 



INTRODUCTION 



Since Maxwell's conjecture that light waves are electromagnetic waves, and the long 
struggle to gain general acceptance, it seems that electromagnetic theory of light has ob- 
tained its limits of serviceability: capable of explaining the main features of all phenomena 
concerning with the propagation of light, but failure to elucidate processes in which the finer 
features of the interaction between matter and field are manifested However, the fun- 
damental nature of the difficulties that the electromagnetic theory of light finds has always 
paved the road for new discoveries. One example is the first attempts by Hertz to generalise 
Maxwell's laws to moving bodies. Maxwell's equations remains a fundamental cornerstone 
of our undertanding of nature. 



In this paper, we present a new class of solutions of Maxwell's equations in vacuum with 
non-trivial topology. To be specific: with torus knot topology. One particular solution of 
this type was found based oa the Hopf fibratioa QQ. It had some iate r estia g properties, 
like the linkage of the field lines preserved in time. Recently some progress has been made 
in the understanding of the interaction of this field with charged particles The new class 
of solutions presented in this work covers the topology of the whole torus knots set and 
has previous solutions as particular cases. By having the topology of the torus knots set 
we mean that initially all the magnetic lines and all the electric lines are linked and closed 
on the surface of a torus and, moreover, when time evolves we can find numerically field 
lines knotted as a torus knot. These configurations could be important theoretically, as the 
stability of electromagnetic fields Q may play a role in particle theory (9 12] or even in 



certain asymptotic limits of string theory |13| . 



jy planets and starts 
14j . In the laboratory 



There are examples in nature where the magnetic fields created 
present also toroidal structure and nontrivial topology of the field lines 
we find electromagnetic fields in toroidal geometries for plasma confinement [15] and nuclear 
magnetic resonance devices 16|. So the solutions presented in which follows might be of 
practical interest. 
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FIG. 1. Some (n, m) torus knots. These knotted curves are lying on the surface of a torus in the 
three-dimensional space i? 3 . In the figures, all the torus knots are called nontrivial. If n or m were 
equal to 1, the knot is said to be trivial since its representation is a circle, that can be linked to 
other ones. 

CONSTRUCTION OF A CLASS OF ELECTROMAGNETIC FIELDS WITH KNOT- 
TED FIELD LINES 

Torus knots are knotted curves lying on the surface of a torus. Any torus knot is defined 
by two coprime integer numbers (n, m) in such a way that the curve winds n times around 
a circle inside the torus and m times around a line through the hole in the torus. In figure 
[I] we plot some particular examples. 



Here is a method to find some knotted electromagnetic fields in vacuum (see 171), e - 



exact solutions of Maxwell's equations in empty space in which the magnetic lines and/or 



the electric lines are knotted curves. 

Let 0(r), 0(r), two complex scalar fields that depend on the position r in the physical 
space R 3 . In the cases that we are going to study in this work, both scalar fields can be 
considered as maps (f),9 : S 3 — >■ S 2 after identifying the physical space R 3 with S 3 (doing so, 
it is assumed that both scalars have only one value at infinity) and the complex plane with 
S 2 . These identifications can be done using stereographic projections and, as we will see 
later, have important consequences in the solutions of Maxwell's equations that we are going 
to obtain. However, a similar formalism could be applied to other possibilities in which both 
scalars cannot be considered as maps from S 3 to S 2 . For example, this formalism could be 
used to construct electromagnetic fields in vacuum from the scalars considered in [l8] to 
implement optical beams. 

If <p (or 9) is a map from S 3 to S 2 , then the preimage of any point in S 2 is a closed 
curve in S 3 . Moreover, the linking number of a pair of curves in S 3 (that are preimages 
of two distinct points in S 2 ) is the same for all the pairs of curves (except at most for a 
zero-measure set, a property common to torus knots). The linking number of each pair of 
curves is called the Hopf invariant H(<p) of the map <j) and it is an integer number. 

We will impose that, at some initial time t = 0, the level curves of the complex scalar 
fields (<f), 6) coincide with the magnetic and electric lines respectively, each one of these lines 
being labelled by the constant value of the corresponding scalar. This can be simply done 
by constructing the magnetic and electric fields at t = as 



where a is a constant introduced so that the magnetic and electric fields have correct di- 
mensions. In the International System of Units, that will be used in this work, a can be 
expressed as a pure number times the Planck constant h times the speed of light c times 
the vacuum permeability fiQ. This means that the constant a is related to the strength of 
the electromagnetic field. The notation means the complex conjugate of <fi and i is the 
imaginary unit. Note that, using vector identities, the expressions ([I])-© are such that they 
satisfy V • B = and V • E = for any scalar fields and 8, which is a necessary condition 
for B(r, 0) and E(r, 0) to be admissible initial values of an electromagnetic field in vacuum. 




(2) 



(1) 
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The construction given in equations ([I])-©, along with the fact that and 9 are stereo- 
graphic projections of maps from S 3 to S 2 , assures that all pairs of lines of the field B(r, 0) 
are linked, and that the linking number is the same for all the pairs and it is given by the 
Hopf index H(<f)) of the map 0. Similarly, all pairs of lines of the field E(r, 0) are linked, 
the linking number of all pairs of lines is the same and it is given by the Hopf index H{9) 
of the map 9. Thus, at t = 0, the linkage of all the magnetic and the electric lines is set by 
this construction. 

It is convenient to introduce dimensionless coordinates (X, Y, Z, T), related to the physical 
ones (x, y, z, t) in the SI of units by (X, Y, Z, T) = (x, y, z, ct)/L , being c the speed of light. 
We will also use the relation r 2 jL\ = (x 2 + y 2 + z 2 )/L 2 = X 2 + Y 2 + Z 2 = R 2 , where L 
is a constant with dimensions of length that can be considered to be the characteristic size 
of the knot (Lo is related to the mean quadratic radius of the energy distribution of the 
electromagnetic field [3]). Our starting point is the following choice of complex scalar fields, 

(X + iY)^ 



(Z + i(R 2 - l)/2)( m )' 



(3) 



fi _ (Y + iZ)W U) 
{X + i{R 2 - 1)/2)W 1 ; 

where n, m, / and s are positive integer numbers. These fields are related to the Seifert 
fibrations 19]. The main difference is that, in equations ()3])-((lj), the notation rf n \ n being a 



complex number, means to leave the modulus of 77 invariant while the phase of 77 is multiplied 
by n. 

Level curves of the complex scalar field <fi given by expression ([3]) are (n, m) linked torus 
knots. This means that if we choose any complex number, say the equation = 1 + % 

gives a curve in the space R 3 , and this curve is a (n, m) torus knot. If we choose any other 
value, say 4 — 7i, the equation = 4 — 1% gives another (n, m) torus knot. The tangent 
vectors of such curves are parallel to VRe(0) x Vlm(0). Moreover, both curves are linked 
and their linking number is, precisely, the Hopf index of 0, that is H((p) = nm in this case. 
This occurs for any level curves of 0. Since level curves of coincide, through equation 
(II]), with magnetic lines at t — 0, we can say that any pair of magnetic lines at t = is a 
linked pair of (n, m) torus knots, and that the linking number is nm. The same can be said 
about the complex scalar field 9 given by equation (T4j) and the electric field at t — given 
by equation (|2|), so that any pair of electric lines at t = is a linked pair of (/, s) torus knots 
and the linking number is H(9) = Is. 



The magnetic helicity h m of these fields, which is a measure of the mean value of the 
linkage of the mag netie lines Q, and the e.ectric heM* H., nave initio va.ne 8 reM , 
through equations (JTJ)- (J2J) , to the Hopf indices of and 9, respectively. This is only true 
when (i) the magnetic and the electric fields have the form given by equations ([I])-©, and (ii) 
the scalar fields <fi and 9 are stereographic projections of maps from S 3 to S 2 . Consequently, 
the initial values of the magnetic and the electric helicities of these electromagnetic fields 
are given by 

h m (t = 0) = -L / d 3 r A(r, 0) ■ B(r, 0) = ^- H(<f>), (5) 

he{t = 0) = ^ / d 3 r C(r, 0) • E(r, 0) = ±- H(9), (6) 

where /xq is the vacuum permeability, Eq is the vacuum permittivity, and A and C are vector 
potentials for the magnetic and electric fields, so that B = V x A and E = V x C. The 
constant a/(2/i ) is a unit of helicity. For t =fi 0, equations ©-(EI) are not true. This is due to 
the fact that the linkage of the field lines may change during time evolution (see 2]J for an 
example, in which this kind of change was presented). However, there is also an important 
case, called the Ranada-Hopf electromagnetic knot, in which n — m — I — s — 1, where the 
magnetic and electric helicities take the values given by equations (jSJ)- (EJ) for any time. 

Even if the magnetic and electric helicities may change with time, the electromagnetic 
helicity 

h = h m + h e , (7) 

is a constant of the motion for any electromagnetic field in vacuum. Thus, for the electro- 
magnetic fields given by equations (EE])-© at t = 0, the electromagnetic helicity satisfies 

h= ^-{nm + ls), (8) 

and this quantity is constant during time evolution since it is conserved by Maxwell's equa- 
tions in vacuum. 

To solve Maxwell's equations in vacuum with the initial conditions given by expressions 
(PQ)-(j2]), Fourier analysis can be used. First one has to compute the Fourier transforms of 
the initial conditions as 

E (k) = 1 I d 3 r E(r, 0) e ik r (9) 



(2tt) 3 /2 

1 

(2tt) 3 / 2 



B (k) = / d 3 r B(r, 0) e 4k r (10) 



These transforms are then inverted multiplied by terms as e -*( k r - w ') an d e -*( k r + w *) ) where 
uj = ck, so that the time evolution of the fields is obtained. In our cases we get the exact 
solutions, 

QH 1 + PH 2 

B(M) = ^ (A 2 + T 2 f ^ 
v(r ,_^ QH 4 -PH 3 

where the quantities A, P, Q are defined by 

A=*^±l. (13) 
P = T(T 2 -3A 2 ), (14) 
Q = A(A 2 -3T 2 ), (15) 

and the vectors Hi, H 2 , H 3 and H 4 are 

Hi = (-nXZ + mY + sT) u x + (-nYZ - mX - ITZ) u y 
-1-Z 2 + X 2 + Y 2 + T 2 



+ In — — ; + ITY u 



>-z 



f i _i_ x 2 — y 2 — z 2 — t 2 \ 

H 2 = is— mTY j u x + (sXY -IZ + mTX) u y 

+ (sXZ + IY + nT) u 2 

H 3 = (-mXZ + nY + IT) u x + {-mYZ - nX - sTZ) u y 
-1- Z 2 + X 2 + Y 2 + T 2 



+ [m — -I) ) u : 

1 + X 2 -Y^-Z 2 - / ' 
2~ 

+ (IXZ + sY + mT) u z . (16) 



H 4 = (Z— nTY ) Ua; + (/Xr-sZ + nTX) u y 



One important feature of these solutions is the finite value of the electromagnetic energy. 
The energy is related to the integer numbers n, m, /, s, that characterize the complex scalar 
fields and 6 by 

^M^ + 3^ ( - 2+m2+i2+s2) - (i7) 

The linear momentum of these knotted solutions can also be obtained from the Poynting 
vector E x B//i and results 

p= / e E x B — - a (In + ms) u r (18) 
J 2cuqL 
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FIG. 2. Time evolution of the Poynting vector E x B///o for the electromagnetic field given by 
equations fjl X[) - (|12|) in the case in which m = 4, n = 3, s = 3, 1 = 2. We plot the Poynting vectors 
at some points of space for T = —2, T = — 1, T = 0, T = 1 and T = 2 (left to right, up to bottom), 
where T = ct/ Lq. A focusing effect of the energy density flux is observed at T = 0. 

A way to picture the evolution of these fields is to plot Poynting vectors at some points in 
space at different times. In figure [21 we see the behaviour of these electromagnetic fields 
for instants of time T = —2, — 1, 0, 1, 2 (where T = ct/Lo). There is a focusing effect of the 
energy density flux at T = 0. In the figure we have plotted the case (n, m) = (3, 4) for the 
initial magnetic field lines, and (I, s) = (2, 3) for the initial electric field lines. The magnetic 
and electric fields are given by equations ( fTTT) and ( |T2l) with n = 3, m = 4, 1 = 2, s = 3. 

With expressions (11 II) and (TT2"j) . one can also calculate the angular momentum of these 
solutions, that reads 



so the electromagnetic energy flux goes along the y-axis, and its angular momentum is 
parallel to its linear momentum. 




(19) 



S 



Other interesting dynamical quantities are related to the Lorentz invariants associated to 
any electromagnetic field in vacuum. These invariants are E ■ B and E 2 — c 2 B 2 , that can 
also be obtained from the square of the Riemann-Silberstein complex vector F = E + % cB, 
that is a very useful tool to compute many dynamical aspects of the electromagnetic fields 



m vacuum 
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23] . From equations (!TTl)- (fT2l . 

v^c Q (H 4 + iHi) -P (H 3 - ? H 2 ) 



F(r,t) 



nL 2 



(A 2 + T 2 f 

For this class of knotted electromagnetic fields, with A = (R 2 — T 2 + l)/2, 
ac 1 



(20) 



E B 



((ms -nl)(A 2 + T 2 )XZ 



E 



tt 2 L 4 (A 2 + T 2 ) 4 
+ (ml - ns)(A 2 + T 2 )(l - A)Y + 2(ls - mn)AT(T 2 - A 2 )) 



(21) 



tt 2 L 4 (A 2 + T 2 ) 4 
+ ( s 2 _ / 2 )(A 2 + T 2 )(Y 2 + Z 2 ) + 4(m 2 - s 2 )A 2 T 2 



[n 



l 2 )(A 2 -T 2 ) 2 )(22) 



SPECIAL PROPERTIES OF THE TORUS-KNOTTED FIELDS 



The choice of the positive integer numbers n, m, I, s determines some properties of the 
knotted electromagnetic fields. They are related to the invariants of the electromagnetic 
fields and the magnetic and electric helicities. In this section we will state them. 

The class of knotted electromagnetic fields has the following properties: 

• Property CI. If the positive integer numbers n,m,l,s are equal, i. e. satisfy the 
condition n = m = I = s, then E • B = and E 2 — c 2 B 2 = 0. In terms of the 
Riemann-Silberstein vector F defined in (120]) . F ■ F = 0. 

• Property CI'. If the condition n = m = I = s is not fulfilled, then E-B ^ and 
E 2 -c 2 B 2 ^ 0. 

Remarkably, and with the help of equation ( J2~TT) . the time behaviour of the helicities of these 
electromagnetic fields can be exactly computed. The result, in terms of the dimensionless 
parameter T = ct/L , is 

a 



h m {t) 
h e [t) 



2/lQ 

£o 

2j 4/i 
So for this class of knotted electromagnetic fields we have 



<Pr C • E 



(mn + Is) + (mn — Is) 
mn + Is) — (mn — Is 



1 - 6T 2 + T 4 
(1 + T 2 ) 4 
1 - 6T 2 + T 4 



T 2 y 



(23) 
(24) 



Property C2. If, at t = 0, we have h m = h e , then for every time we have h m = h e and 
both helicities are constant. That means that mn = Is, thus 

J d 3 r Im(F • F) = 2c J d 3 r E • B = 0. (25) 

As a consequence, the magnetic and electric helicities will be constant during the time 
evolution of the fields. 

Property C2' . If, at t — 0, we have h m ^ h e , then both helicities are not constant 
but, for large T, both reach the same value (due to a mechanism called exchange of 



helicities in 



2l|). 



STUDY OF THE FIELD LINES OF KNOTTED ELECTROMAGNETIC FIELDS 
WITH CONSTANT HELICITIES (I = n AND s = m) 

In the previous section we have seen how to construct analytically different electromag- 
netic fields in vaccum for which, at t — 0, all the magnetic lines and all the electric lines are 
linked torus knots in the space R 3 , except a zero-measure set. For this fields, at t — all the 
magnetic lines are the same torus knot, and all the electric lines are the same torus knot. 
But in general the kind of torus knot corresponding to the magnetic lines may be different 
from the kind of torus knot corresponding to the electric lines. 

Next we are going to restrict ourselves to the case in which, at t — 0, both the magnetic 
and the electric lines are the same kind of torus knot. This means that, in equations (fTT|) - 
f|T6|) . we take I = n and s = m. Consequently, the fields satisfy Properties CI' and C2, 
so that the magnetic field is not orthogonal to the electric field but the magnetic and the 
electric helicities are equal and constant in time. In reference a different method to 
construct these kind of fields was proposed, although that method does not provide the 
more general solutions (fTT|) - (fl6|) presented here in the previous sections. 

To see how these solutions give different torus knots, we plot in figure [3] some magnetic 
and electric lines for the particular case n = 3, m = 2. AtT = the lines are linked trefoils 
and the linking number is H(<ft) = H(6) = nm = 6. When T > we also find a set of 
linked trefoils, although not all the lines are linked trefoils at T > 0. In figure H] we see the 
behaviour of magnetic and electric lines in the case n = 4, m = 3. At T = 0, all the lines 
are linked (4, 3) torus knots and the linking number is nm = 12. For T > we find lines 
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FIG. 3. Time evolution of field lines for the (3,2) torus knot or trefoil. We plot two magnetic (up) 
and electric (down) lines for T = 0, T = 0.015 and T = 0.02 (left to right). Lines are obtained 
numerically by integrating the explicit time dependent expressions (jlip - (|12p of the magnetic and 
the electric field. Numerical integration shows that at T = all the magnetic lines (and the electric 
lines) are trefoils except 2 lines (as always occurs in torus knots): the straight line X = Y = and 
the circle X 2 + Y 2 = 1. Moreover, the trefoils are linked to each other so that the linking number 
is nm = 6. When T > we find numerically magnetic (and electric) lines that are linked trefoils. 



with the same topology. The same is done in figure |5] with n = 5, m = 2 and linking number 
10. In all these figures it is clear that plotted curves are linked knots. When T = 0, these 
are the only kind of curves that can be found since these lines are level curves of the scalar 
fields (Ejj-Olj). As T increases, numerical evidence prevent us to rule out the existence of 
some open field lines together with the knotted closed ones. A similar behaviour was found 

n 

also numerically in |6[. 
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FIG. 4. Time evolution of field lines for the (4,3) torus knot. We plot two magnetic (up) and electric 
(down) lines for T = 0, T = 0.015 and T = 0.02 (left to right). Lines are obtained numerically by 
integrating the explicit time dependent expressions (llip -(|12p of the magnetic and the electric field. 
At T = all the field lines are linked (4, 3) torus knots and the linking number is nm = 12. When 
T > we find (4, 3) linked torus knots. 



THE SPECIAL CASE n = m = I = s: HOPF-RANADA ELECTROMAGNETIC 
KNOT 

In the special case in which we set solutions of the equations (jT2l) - (jl~6{) for which n = 
m = I = s, we have a situation in which Properties CI and C2 hold. These particular 
solutions, called Hopf-Ranada electromagnetic knots 2n7|] , are based on the Hopf fibration. 
They constitute a kind of basis for general electromagnetic fields in vacuum with nontrivial 
topology of the field lines. 

In this case, the linkage of magnetic or electric lines is conserved in time. It has been 
analytically proof that all the magnetic and electric lines remain closed and linked for any 
value of T since there is an explicit expression for the scalar fields and 9 of equations 
CO - © f° r an Y time. These time dependent expressions were firstly found in [s| and they 
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FIG. 5. Time evolution of field lines for the (5,2) torus knot. We plot two magnetic (up) and electric 
(down) lines for T = 0, T = 0.015 and T = 0.02 (left to right). Lines are obtained numerically by 
integrating the explicit time dependent expressions (|11| ) - (|12| ) of the fields. At T = all the field 
lines are linked (5, 2) torus knots and the linking number is nm = 10. When T > we find (5, 2) 
linked torus knots. 



are 



(AX-TZ) + i(AY +T(A- 1)) 
(AZ + TX) + i(A(A-l)-TY)' 
(AY + T(A-1)) + i(AZ + TX) 
(AX-TZ)+ i(A (A - l)-TY)' 



(26) 
(27) 



where A is given in equation f|T3|) . The time evolution of both scalars is smooth and this 
implies that the field lines remain closed and the topology is conserved. 

In the general case with different values of the integer numbers n, m, I, s, it is not possible 
to find the scalar fields <fi and 9 for T > 0. Due to this fact, we have found numerically open 
curves for T > 0. 
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CONCLUSIONS 



In conclusion, we have presented new exact solutions of Maxwell's equations in vacuum 
such that, at a given initial time, satisfy that all the magnetic lines and all the electric lines 
are torus knots. Expressions ( llT]) - (TT6]) generalize previous works on knotted electromagnetic 
fields. We have found some properties satisfied by these solutions, as the values of the Lorentz 
invariants and the magnetic and electric helicities. The Lorentz invariants associated to these 
solutions depend on the position and time, and the magnetic and electric helicities depend on 
time. However, we have shown that, when time is large, the magnetic and electric helicities 
become equal. 

We have computed numerically the field lines corresponding to cases in which the mag- 
netic and electric helicities are constant in time. These are situations in which the initial 
electric lines and the initial magnetic lines are the same kind of torus knots. When time 
evolves, we have observed in the numerical computations of the field lines some curves with 
the topology of the given torus knot. Since the magnetic and electric helicities of these con- 
figurations are average measures of the linking number of the field lines and they are equal 
and conserved, it can be argued that some kind of nontrivial topology of these solutions can 
be found at any time. This kind of configurations might play an important role in different 
areas of research. 

If one were to ask the question what light is there can be no simple answer. A consistent 
and unambiguous theoretical explanation of all optical phenomena is furnished jointly by 
Maxwell's electromagnetic theory and quantum theory. However, the ultimate nature of 
light have still some unanswered questions such as its topological properties. Solutions as 
the ones presented here may help to understand part of these questions. 
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